Theoretical method for calculating relative joint geometry of assembled robot arms by Moore, M. C. & Barker, L. K.
NASA 
Technical 
Paper 
21 55 
May 1983 
Theoretical  Method  for 
Calculating Relative 
Joint  Geometry of 
Assembled Robot Arms 
NASA 
TP 
2155 
c.1 
L. Keith  Barker 
and Mary C. Moore 
I .  
25th Anniversary 
1958-1983 
https://ntrs.nasa.gov/search.jsp?R=19830017167 2020-03-21T04:26:46+00:00Z
TECH LIBRARY KAFB, NM 
NASA 
Technical 
Paper 
21 55 
1983 
National Aeronautics 
and Space Administration 
Scientific and Technical 
Information Branch 
00b772b 
Theoretical  Method  for 
Calculating Relative 
Joint  Geometry of 
Assembled Robot Arms 
L. Keith  Barker 
and  Mary C. Moore 
Langley  Research  Center 
Hampton, Virginia 
INTRODUCTION 
Robotics i s  expec ted  to  p lay  an  increas ingly  impor tan t  ro le  in  fu ture  space  m i s -  
s i ons  as the  complexity  and  the  exploit ive  nature of the  missions  increase.   Ini-  
t i a l l y ,  r o b o t  systems are envisioned to perform tasks in space,  such as the service 
and repair of s a t e l l i t e s  ( r e f .  1 ) .  Accomplishing  these  tasks  either  remotely  ( tele- 
opera tor  cont ro l )  o r  by onboard computers (machine intell igence) requires some type 
o f  con t ro l  l og ic  to  maneuver the  robo t ' s  arm and  hand. 
Considering the way people  cont ro l  the i r  arms and hands,  one finds that people 
do  no t  consc ious ly  con t ro l  i nd iv idua l  j o in t s  i n  commanding hand  movements. A method 
of mimicking th i s  t ype  of c o n t r o l  i n  a robot  arm is ca l l ed  r e so lved- ra t e  con t ro l  
( r e f .  2) ,  i n  which commands t o  maneuver the  robot  hand a r e  r o t a t i o n a l  and t r ans l a -  
t iona l   ve loc i t ies   in   the   hand-axis   sys tem.  These ve loc i t ies   a re   then   reso lved  
a n a l y t i c a l l y  i n t o  i n d i v i d u a l  j o i n t  r a t e s  i n  t h e  r o b o t  arm to accomplish the hand 
command. 
Pos i t ion ing  a robot  arm w i t h  r e s o l v e d - r a t e  c o n t r o l  r e q u i r e s  r e l a t i v e  j o i n t  
information, which is  not always known ( o r  is not  ava i lab le)  for  commerc ia l ly  ava i l -  
able   robot  arms. Hence,  a  method is needed to  a sce r t a in  th i s  i n fo rma t ion  wi thou t  
having  to  disassemble  these  arms. The i n t e n t  i n  t h i s  p a p e r  i s  to  develop a  method t o  
c a l c u l a t e  t h e  r e l a t i v e  j o i n t  geometry of an  assembled  robot arm. S p e c i f i c a l l y ,  t h e  
Denavit-Hartenberg  parameters  (ref. 3 ) ,  which completely character ize  this  geometry,  
a r e  ca l cu la t ed .  
ANALYSIS 
"he ob jec t ive  of t h i s  a n a l y s i s  is to  de r ive  equa t ions  fo r  ca l cu la t ing  the  
Denavit-Hartenberg  parameters, which comple t e ly  cha rac t e r i ze  the  r e l a t ive  jo in t  
geometry i n  robot  arms. I n  essence ,   these   parameters   loca te   consecut ive   jo in t -ax is  
systems with respect to each other,  both i n  pos i t i on  and o r i e n t a t i o n .  
Robot Arm 
Figure 1, which is  a modif icat ion of  a f i g u r e  i n  re ference  4, i l l u s t r a t e s  a 
robot arm and joint-axis systems. To con t ro l  t he  arm i n  a t e l eope ra to r  mode us ing  
reso lved-ra te  cont ro l ,  a d i s t a n t  o p e r a t o r  commands t r a n s l a t i o n a l  v e l o c i t i e s  
(vX, vY, and Vz) and r o t a t i o n a l   v e l o c i t i e s  (w, ~y, and uz) about  the  hand-axis 
system. ( A  l is t  of  symbols  and abbrev ia t ions  used  in  th i s  pape r  appea r s  a f t e r  t he  
re ferences . )  These  hand commands a re   t hen   i n t e rp re t ed   (o r   r e so lved)   i n  terms of the  
i n d i v i d u a l   j o i n t   a n g u l a r  rates Bi (i = 1,  2, .. ., 6)  by using  transzormation  equa- 
t i o n s  based on t h e   r e l a t i v e   j o i n t  geometry.  Angular r a t e s  8, and O6 correspond 
to  ro t a t ing  the  base  of t he  wrist assembly and the cyl indrical  port ion of t he  wrist. 
R e l a t i v e  J o i n t  Geometry 
Consider two s e q u e n t i a l  r o t a t i o n a l  j o i n t s  i n  a robot  arm, f o r  i n s t a n c e ,  j o i n t  i 
and j o i n t  i + 1.  In   f igure  2 the   geometr ic   re la t ionship  between  axis   systems a t  
t h e s e  j o i n t s  i s  completely character ized by the Lknavit-Hartenberg parameters, which 
c o n s i s t  of   three  constant   parameters  a i ,  a i ,  and ri and a v a r i a b l e   j o i n t  rota- 
t i ona l   ang le  0;. By de f in i t i on ,   j o in t   ro t a t ions   a r e   a lways   abou t   he   Z -ax i s .  TAe 
xi -ax is  is  d i rec ted   a long   the  common normal  from zi-l t o  z i .  For c l a r i t y ,   t h e  
yi- and ~ i - ! - a x i s ,  which simply complete right-handed coordinate systems a t  the  
r e s p e c t i v e  J o i n t s ,  a r e  n o t  shown i n  f i g u r e  2. 
I n  t h i s  method of sys temat ica l ly  ass igning  coord ina te  sys tems to  success ive  
j o i n t s ,  t h e  Xo-axis d i r e c t i o n  f o r  t h e  f i r s t  j o i n t  ( o r  xN f o r  t h e  last  j o i n t )  i s  
chosen   a rb i t r a r i l y .  For s l i d i n g   j o i n t s ,  the j o i n t   v a r i a b l e  is r i  ra ther   than  e:. 
Only ro t a t iona l  j o in t s  a r e  cons ide red  in  th i s  pape r .  
Basic  Coordinate  Transformation 
The r e l a t i v e  j o i n t  geometry d i c t a t e s  t he  bas i c  t r ans fo rma t ion  equa t ions  between 
ad jacen t   j o in t s .  The coord ina tes  of a point   P(x,   y ,  z )  wi th   r e spec t   t o   t he  i 
jo in t -ax is  sys tem in  f igure  2 can be t ransformed to  coord ina tes  wi th  respec t  to  the  
i - 1 joint-axis  system by us ing   t he   r e l a t ion  
w i t h  
cos  0; "cos ai s i n  0; s i n  ai s i n  0; I a i   cos  e; 
I 
i 
s i n  0' cos a cos 8' 
i i i 
Ai-l I ( 2 )  
0 s i n  ai COS ai I i r 
0 0 0 1"""- 1 
where ~ t - ~  is the  homogeneous t ransformation  matr ix  from coordinate  system i t o  
i - 1. (See  ref .  4, for   example.)   Quat ion ( I )  is e q u i v a l e n t   o  
-cos  ai s i n  0; s i n  ai s i n  0; 
COS a cos 8' 
i i 
0 s i n  a i - 1  cos  a i i 
where the  second  term on the right-hand side is the  loca t ion  vec tor  of t he  o r ig in  of 
coordinate  system i wi th   respec t   to   the   o r ig in  of coordinate  system i - 1. 
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Problem Statement 
Given a set  of coord ina te s  fo r  a poin t  P(x ,y ,z )  wi th  respec t  to  the  robot  hand  
i n  f i g u r e  1, the  corresponding coordinates  of t h i s  same po in t  w i th  r e spec t  t o  the  
base coordinate system of the robot arm can be computed a s  
where equat ion (2), with i = 1 ,  2, . . ., 6, supp l i e s  t he  ma t r i ces  in  equa t ion  ( 4 ) .  
Choose po in t   p (x ,y , z )   a s   t he   o r ig in  of the  robot  hand-axis system s o  t h a t  
6 
1.  
Now, p lace  the  hand 
respec t  to  the  base  
I 
a t  d i f f e r e n t  l o c a t i o n s  and measure the  hand ' s  loca t ion  wi th  
coordinate  system. The corresponding  joint   angles   for   each 
measurement are  also  recorded  (measured  or  obtained from robot 's   computer) .  The 
problem is  to   use   these   da ta   to   ca lcu la te   the   parameters  a i ,  a i ,  and ri of t he  
robot  arm.  For the   robot  arm i n  f i g u r e  1 ,  t h e r e   a r e  1 8  unknown parameters a i ,  a i ,  
and r i  (where i = 1 ,  2, .. ., 6 ) .  
procedure 
A major  t a sk  in  ex t r ac t ing  the  r e l a t ive  jo in t  pa rame te r s  i s  f ind ing  a manageable 
way t o  look a t  t h e  problem. The basic idea used i n  t h i s  p a p e r  i s  ind ica ted  i n  f i g -  
ure  1 .  m e   f i r s t  problem is to   de t e rmine   t he   j o in t   pa rame te r s   a l ,   a l ,  and r l ,  
which r e l a t e  t h e  j o i n t  c o o r d i n a t e  systems (xo,yo,zo)  and (x ,  ,y l  , z , ) .  To do t h i s ,  f i x  
the   angle  8, and  vary Q2 while   holding a l l  t he   o the r   j o in t   ang le s   cons t an t .  The 
r e s u l t i n g  hand p o s i t i o n s  of the robot  arm i n  base coordinates  (xo,yo,zo)  are  then 
used   to   ex t rac t   hese   parameters   (a l ,  a l ,  and r l ) .  A second  problem is  t o   e x t r a c t  
the  parameters  a2,   a2,   and r2,  which re la te   the   jo in t   coord ina te   sys tems 
( x l , y l , z l )  and   (x2 ,y2 ,z2) .  Hence, f i x  O2 and  vary e3 with  a l l  t h e   o t h e r   j o i n t  
angles held constant.  Notice that this second problem would  be analogous to the 
f i r s t  i f  t h e  hand p o s i t i o n s  i n  (x1  ,yl  ,zl ) coordinates  were known. But, s i n c e  a l ,  
al, and r l  have  been  computed i n  t h e  f i r s t  problem,  transformation  equations  allow 
( x l , y l , z l )  t o  be computed  from (xo ,yo ,z0 ) .  This process  is repeated up the  arm. The 
mathematics used t o  e x t r a c t  t h e  p a r a m e t e r s  i n  t h i s  p r o c e s s  are developed i n  t h i s  
paper . 
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Forward Recursive Transformation Equations 
The c o o r d i n a t e s  i n  f i g u r e  2 are r e l a t e d  by the  fo l lowing  scalar t ransformation 
equations (which may be obtained from eq. ( 3 )  or  de r ived  from f i g .  2 )  : 
where an  index  argument k has  been  in t roduced  to  labe l  sets of  measurement da t a ;  
t h a t  is, fo r  each  set  of j o i n t  a n g l e s ,  t h e r e  are cor responding  coord ina te  pos i t ions .  
Recall t h a t  a i ,  a i ,  and ri are cons tan t  parameters. For t h i s   a n a l y s i s ,  equa- 
t i o n s  ( 7 )  and (8)  are e x p r e s s e d   i n   d i f f e r e n t  forms  because  the r i  i n   e q u a t i o n s  ( 7 )  
and (8)  i s  not  always  computable  during  the  parameter-extraction  process.  The modi- 
f i e d  forms are 
y i (k)  = [yi- l  (k)  cos  Bi(k)  - ~ ~ - ~ ( k )  s i n  8 j ( k )  ]cos ai + z:-~ ( k )  s i n  ai 
- r; s i n  ai 
where 
z* (k )  = z i (k )  + rt cos  ai 
1 
r3 = r 
1 + r;-l cos  ai-l 
That  equat ions (9  1 and (1  0 )  are equival 
( 9 )  
(1 0 )  
(1 1 )  
( 1  2 )  
. en t  t o  equa t ions  (7) and ( 8 )  i s  e a s i l y  v e r i -  
f i e d  by subs t i t u t ing  equa t ions  ( 1  1 ) and ( 1 2 )  i n to  equa t ions  ( 9 )  and ( 1  0 )  . 
In  th i s  s tudy ,  t he  r ecu r s ive  app l i ca t ion  o f  equa t ions  (61, (91, and (1 0 )  has the 
fo l lowing  prerequis i tes :  
1 .  z* = z r*  = 0, and a. = 0 t o  start  the   sequent ia l   recurs ive   p rocess .  
2.  xo,  yo,  and  zo are known values from  easurements. 
3 .  Jo in t   angles  0; a r e  known. 
4.  Values  of r? s i n  ai, cos   a i ,   s in  ai, and ai have  been  calculated. 
0 0' 0 
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Equations (6), (9 ) ,  and (IO) are later used  recurs ive ly  t o  t ransform the 
measurement values XO, yo,  and zo t o   o the r   coo rd ina te   sys t ems   i n   t he  arm. By 
design,  r i  d o e s   n o t   e x p l i c i t l y  appear i n   t h e s e   e q u a t i o n s .  
Equat ions  for  Parameter Ca lcu la t ions  
The scalar components  of  equation (3) are  
xi,l(k) = [xi(k) + a i ] c o s  e j ( k )  - [y i (k)  cos  ai - z i (k )  s in  a i l s in  e ; (k )  
= [xi(k) + a i l s i n  8;(k) + [yi(k) cos - z i ( k )   s i n   a i l c o s   e j ( k )  
Z T - ~  (k )  = y i ( k )  s i n  ai + zi(k)  cos  ai + rp 
where, as obtained from equation ( 1 1 1 ,  
and the   r*  terms are given by equation ( 1  2 ) .  Again, k has  been  introduced t o  
l a b e l  data sets. 
A t  t h i s   p o i n t ,   t h e   o b j e c t i v e  is t o   c a l c u l a t e  a i  , ai, and r i .  Assume t h a t  
xi- , (k) ,  ~ ~ - ~ ( k ) ,  and ~ ! - ~ ( k )  have  been  previously  calculated  from  equations (61, 
( g ) ,  and ( i o ) .  S e t t i n g  1 = i + 1 i n   e q u a t i o n s  ( 1  31,  (141,  and ( 1  5 )  gives   the  
transformation  equations  from  the i + 1 jo in t -ax is   ys tem  to   the  i j o i n t - a x i s  
system as 
yi(k)  = [xi+,(k) + a i + l l s i n  e;+l + [ ~ ~ + ~ ( k )  cos  ai+l 
- zi+l ( k )   s i n  ai+l ]cos 8j+l (k) 
With a subs t i t u t ion  o f  equa t ions  ( 1  7 )  and (1  81, equat ions ( 1  3)  and ( 1  4) may be 
expressed as 
(18)  
(1 9) 
= [co + c1 cos (k )  - c2 s i n  e;+l ( k )  I s i n  Bj (k)  
+ [ c 3   s i n  e;+, ( k )  + c4 cos  (k)  - c51cos 8;(k) (21  1 
where 
co = ai 
c3 = c1 cos  CLi 
c4 = c2 cos  ai 
c5 = zi s i n  4 
and  where k has  been  dropped in   equat ions  (22)   to   (27)   because  of   the  important  
assumption  that  a l l  j o i n t   a n g l e s ,   e x c e p t   f o r  (k )  and  possibly 0; (k) , are h e l d  
f i x e d  a t  a rb i t r a ry  va lues  (pe rhaps  conven ien t  fo r  making  measurements).  With t h i s  
assumption,  o jo in t   angle   above  i s  varied.  Consequently,  xi+l , yi+l , and 
zi+l   remain  constant .  I n  add i t ion ,   s ince   t he   j o in t   pa rame te r s  a i l  a i ,  and ri 
are  constant ,  it fo l lows   t ha t   equa t ions   (22 )   t o   (27 )   r ep resen t   cons t an t s .  A t  t h i s  
point, depending on what angles are p h y s i c a l l y  a t t a i n a b l e  by the  robot  arm under con- 
s iderat ion,  equat ions (20)  and ( 2 1 )  may be handled i n  d i f f e r e n t  ways t o  c a l c u l a t e  t h e  
constants  co t o  c5. 
Parameter Solution Approach 
The basic   procedure i s  explained by l e t t i n g  e;(k) = 180° to   s implify  equa-  
t i ons   (20 )   and   (21 )   t o  
F i r s t ,   cons ide r   equa t ion   (28 ) .  Again, for   the   sake   o f   d i scuss ion ,  l e t  
e;+l ( 1  1 = O o .  Then, with k = 1,  equation ( 2 8 )  becomes 
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L e t  ( 2 )  = 180° i n   e q u a t i o n  ( 2 8 )  t o   g e t  
xi-1 ( 2 )  = -co + c1 
Adding equations  (30)  and  (31)  yields 
(31 1 
which is  the  value  of  a i  in   equa t ion   (22 ) .   Sub t r ac t ing   equa t ion  (30) from  equa- 
t ion  (31)   produces 
Then, from equat ion ( 2 8  1 ,  
~2 = Ixi-1 ( k )  + CO (34) 
where co and c1 are now  known and  Bj+l(k) is  any   a t ta inable   angle  as long as 
s i n   ( k )  # 0. For example, ( k )   i n   e q u a t i o n   ( 3 4 )  may be   s e l ec t ed  as 120°. 
Analogously,  from  equation  (291, 
c3 = - [ ~ ~ - ~ ( k )  - c5 + c4 COS e j + l ( k ) l / s i n   e j + , ( k )   ( s i n   ( k )  # 0) 
Determination of cos ai.- If c1 # 0 in   equa t ion   (251 ,  
c3 
c1 
cos ai = - (38) 
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o r ,  i f  c2 # 0 i n   e q u a t i o n   ( 2 6 )  , 
c4 
cos ai = - 
c2 
In  ac tua l  computa t ions ,  i f  Ic2 l  < IC1 I , then  equat ion  (38)  i s  used;  otherwise, 
u n l e s s  c1 = c2  = 0,  equation  (39) i s  applied.  
Def l ec t ed  ex tens ion  a t t ached  to  hand of robot arm.- The s i tua t ion  where in  both  
c1 = 0 and c2 = 0 i s  avoidable.  For  example,  an  extension  can be at tached t o  t h e  
hand  and  def lec ted  to  vary  the  cons tan t  va lue  of  x i+ l  in  equat ion  (23)  so t h a t  
c1 # 0. I f  an extension i s  used,  measurements are made r e l a t i v e  t o  a po in t  on  the  
ex tens ion  ra ther  than  on t h e  hand. The e x t e n s i o n  l e n g t h  o r  o r i e n t a t i o n  need not  be 
known i n  #is process.  
Equations  (32)  and  (33)  and  equations  (35)  and  (36)  change i f   t a k e s  on 
va lues   o ther   than  180° and Oo. With choices  of  which  allow  solutions, a 
general ized matr ix- inverse computer  rout ine w i l l  f u rn i sh  the  so lu t ions  and ,  at t h e  
same time, provide a s i n g l e  common s o l u t i o n  r o u t i n e  f o r  a l l  #e l e g i t i m a t e  cases. 
Determinat ion  of   s in  ai.- For  convenience,  equation (15)  i s  expressed as 
where 
d = s i n  ai 0 
Equation (40)  i s  a s t r a igh t - l i ne   equa t ion   w i th   o rd ina te  ~ ? - ~ ( k )  and  abscissa  
y i (k ) .  The c o n s t a n t   s l o p e   o f   t h i s   l i n e  is  do and   t he   o rd ina te   i n t e rcep t  i s  dl . 
The coord ina te   z i (k)   in   equa t ion   (42)  i s  cons t an t   i n   t he   pa rame te r - ca l cu la t ion  
procedure i n  t h i s  p a p e r ,  as can  be shown with  equations  (19)  and ( 1 1 ) .  The  two 
cons t an t  parameters and  dl in   equat ion  (40)   can  be  determined by using two 
known p o i n t s  on t h e   l i n e ,   t h a t  is, a combination  of  values  of  zZ-,(k)  and  yi(k) 
co r re spond ing   t o  two d i f f e r e n t   v a l u e s  of 8:+!(k).  The  yi (k)   va lue  w i l l  vary 
accord ing  to  equat ion  (181, which may be  rewr l t ten  as 
The value  of ~ : , ~ ( k )  r e s u l t s  from a recurs ive   p rocess   us ing   equat ion  ( 1 0 ) .  
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Determination of ai.- Th i s  cons t an t  j o in t  parameter i s  computed as 
ai = tan-’ ( s i n  ai/cos ai) (44) 
where s i n  ai is  given by equation  (41  and  cos ai is  given by equat ion ( 3 8 )  
o r  ( 3 9 ) .  The c o r r e c t   q u a d r a n t   f o r  ai is  r ead i ly   a sce r t a ined  from the   s igns  
o f   s i n  ai and cos ai. Actua l ly ,   s in   and   cos  ai are needed i n   t h e   t r a n s -  
format ion   equat ions   ra ther   than  ai i t s e l f .  
Determination  of r* s i n  a.  .- A v a l u e  f o r  r f  s i n  ai is  needed i n  u s i n g  t h e  
r ecu r s ive   equa t ion  ( 9 ) .  ’Toward’this end,  multiply  equation  (15) by s i n  ai and 
rear range  as follows: 
The terms i n   b r a c k e t s  are known from equat ions  (41) ,   (27) ,   and ( 3 8 )  o r  ( 3 9 ) .  Hence, 
fo r   va lues   o f  Z Z - ~  (k)   and   y i (k) ,   cor responding   to  a v a l u e   o f   ( k ) ,  equa- 
t i o n   ( 4 5 )  may be   eva lua ted .   For   d i f fe ren t  sets of  values  of  (k)  and  yi(k),  
equa t ion  (45) may be s o l v e d  i n  a least-squares  sense.  
D e  termination  of r* .- The reason   for   in t roducing   the  z* and  r*   notat ions 
i s  to  allow  cZntinuation’of  the  recursive  process  even  though ri may no t  be expl ic-  
i t l y  known. I f   s i n  ai # 0 ,  then   equat ions   (27)   and   (41)   revea l   tha t  
Thus, from equat ion ( 4 2  1 ,  
r$ = dl - z i (k)  COS ai (47) 
where the  r ight-hand  s ide of equat ion  (47)  i s  now computable. On the  o the r  hand, if 
s i n  ai = 0 ,  equat ion (1 5) becomes 
and the re  is no  informat ion  in  equat ions  ( 1  3)  and ( 1  4) about zi ( k )  t o  h e l p  i n  elim- 
ina t ing   z i (k)   f rom  equat ion   (47) .  
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Determination  of ri.- The ca l cu la t ion   o f  ri is  bes t   expla ined  by a n  example. 
Suppose s i n  a1 # 0, s i n  a2 = 0, s i n  a3 # 0, and s i n  a4 # 0. This means rQ, 
rg, and rfq are computable by using  equations  (46)  and  (47) , b u t  r3 is n o t  comput- 
ab le .  AS j u s t i f i e d  by equat ion (1  2)  and p r e r e q u i s i t e  ( 1  1 , w r i t e  
r l  = rp 
r4 = ra - r; c o s  a3 
(49 1 
(50) 
(51 1 
I n   t h i s   s i t u a t i o n ,   r l  , r 3  + r2  cos  a2, and r 4  are computable. It appea r s   t ha t  
any r 2  and r3 such   tha t   equa t ion  (50) holds w i l l  g ive   the  same r e s u l t s   w i t h  
r e spec t   t o   t he   t r ans fo rma t ion   equa t ions .   Indeed ,   t h i s  i s  meaningful  because, i n  
l o c a t i n g  a po in t  w i th  r e spec t  t o  the  robo t  arm base, two p a r a l l e l  Z-axes w i l l  always 
d i sp lace  the  po in t  a long  the  common parallel  Z-axis by t h e  sum of  the  ind iv idua l  d i s -  
placements.  This same type  o f  ana lys i s  ho lds  fo r  o the r  s i t ua t ions .  
Angular Measurements 
The jo in t   parameters  a i ,  ai  , and ri spec i fy   t he   r e l a t ive   l oca t ions   and  
o r i en ta t ions  o f  t he  success ive  jo in t - ax i s  sys t ems  in  the  robo t  arm. U n t i l  t h e s e  
parameters are ident i f ied ,  the  loca t ions  and  or ien ta t ions  of  the  ax is  sys tems are n o t  
known. Thus, how can   t he   j o in t   ang le  0; between  the  Xi-1-axis  and  the  Xi-axis  be 
measured? Essentially a l l  t h a t  is  known about  the robot  arm i s  t h a t  t h e  j o i n t s  
r o t a t e  and t h a t  t h e  o r i e n t a t i o n  of t h e  Xo-axis is a r b i t r a r y .  
I f  t h e  r o t a t i o n a l  a x i s  Z i  lies i n  o r  i s  p a r a l l e l  t o  a p l ane  tha t  con ta ins  the  
zi-1- and  Xi-l-axis,  then 0; = 90° by d e f i n i t i o n  of how t h e  j o i n t  a n g l e  i s  measured 
i n   f i g u r e  2. This is  e a s i l y   s e e n   i n   f i g u r e  1 by a l i g n i n g  21 with X O .  Then e:, 
which is  the angle between the XO- and XI-axis, i s  90°. 
Displaced Reference Axes 
The loca t ion  of the  robot  hand (o r  an  ex tens ion )  i s  measured with respect  to  the 
base of the  robot  arm, f o r  example,  coordinates ( X O ,  yo, 20) i n  f i g u r e  1 .  However, i f  
t h i s  is  inconvenient,  a displaced reference can be used where the base coordinate 
system is  t r e a t e d  as jus t  ano the r  j o in t - ax i s  sys t em,  the  loca t ion  and  o r i en ta t ion  o f  
which is t o  be determined with respect  to  the new displaced reference axes.  Alterna-  
t i v e l y ,  knowing the base coordinate system, one can determine i ts  l o c a t i o n  and o r i en -  
t a t i o n  w i t h  r e s p e c t  t o  a more convenient ly  specif ied reference axis  system. 
EXAMPLE 
The procedure i n  t h i s  p a p e r  is  a p p l i e d  t o  compute t h e  r e l a t i v e  j o i n t  parameters 
of the  robot  arm i n  f i g u r e  1. This  example is s t r i c t l y  a n a l y t i c a l  i n  that  no phys-  
i ca l  measurements are a c t u a l l y  made. A l l  d a t a  are assumed t o  be wi thout  e r ror .  
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Generating Measurement Data 
For the  pos i t i on  o f  t he  robo t  arm i n  f i g u r e  1 it is n o t  p o s s i b l e  t o  f i x  e3 and 
vary e4 t o  o b t a i n  c h a n g e s  i n  t h e  l o c a t i o n  of p o i n t  H i n   coo rd ina te s   (x2 ,y2 ,z2 ) .  
This  does not  provide enough information for  the desired calculat ions.  However, i f  
the  segment HW is deflected  (e .g . ,  is f ixed  a t  g o o ) ,  s u f f i c i e n t   v a r i a t i o n   d o e s  
r e s u l t .  A similar s i t u a t i o n   o c c u r s   i n   t r y i n g   t o   v a r y  e6 and f i x  e5 t o  vary  the 
l o c a t i o n  of p o i n t  H in  coord ina tes  (x4 ,y4 ,  z4)  . But, i n  t h i s  i n s t a n c e ,  t h e r e  is no 
segment t o  d e f l e c t .  TO avoid this  c i rcumstance a def lec ted  ex tens ion  HF is assumed 
to be a t t a c h e d  t o  t h e  hand.  Although  no d i f f i c u l t y  is i n c u r r e d  f o r  t h e  f i r s t  t h r e e  
j o i n t s ,  measurements f o r  t h e s e  j o i n t s  are a l so  r e fe renced  to  po in t  F. 
In  f igu re  1 measurements are assumed t o  be made t o  p o i n t  F, which r ep resen t s  a 
p o i n t  on an  ex tens ion  a t tached  t o  t h e  hand  of the  robot  arm. The loca t ion  and orien- 
t a t ion  o f  F need n o t  be known i n  a real a p p l i c a t i o n  where measurements are taken. 
But, for the purpose of calculating what these measurement data should be, the seg- 
ment H F  i n  f i g u r e  1 i s  assumed t o  l i e  along the X6-axis  and t o  have a length of 
6 i n .  Base coordinates  of F are c a l c u l a t e d  f o r  t h r e e  sets (k = 1 ,  2, and  3)  of 
s p e c i f i e d  j o i n t  a n g l e s  by u s i n g  t h e  r e l a t i v e  j o i n t  p a r a m e t e r s  i n  t a b l e  I. These d a t a  
are g i v e n  i n  t a b l e  11 and are used as measurement d a t a  t o  e x t r a c t  t h e  r e l a t i v e  j o i n t  
parameters. 
parameter Calculat ions 
Parameters al , al , and r1 .- These  parameters are ca l cu la t ed  by us ing  the  
t h r e e  sets of data   (k  = 1 ,  2, and  3)   for   jo in t  1 i n   t a b l e  11. Both 0; and ei are 
l i s ted   for   convenience .  Notice t h a t  0; is f ixed  a t  180° while 0' takes  on values 
of  180°, Oo , and 1200.  It does not  matter what t he  o the r  j o in t  angfes  are as long as 
they are constant ,   but   hey are chosen as shown. Since i = 1 and 0; = 180°, equa- 
t i o n  ( 2 0 )  becomes 
xo (k )  = -co - c1  cos B;(k) + c2 s in   0$ (k )   (52 )  
Hence, with the three sets of d a t a  i n  t a b l e  I1 f o r  j o i n t  1 ,  equa t ion  (52)  y ie lds  
th ree   equa t ions   t o  be solved  s imultaneously  for  cor  c l ,  and c 2  ( g i v e n   i n   t h e  
f i r s t  row of t a b l e  111). Likewise,  equation ( 2 1 )  becomes 
yo(k)  = -c3 s i n   0 $ ( k ) - cd cos  0;(k) + c5 (53)  
which,  with k = 1 ,  2, and 3, is  so lved   for   c3 t  ~ 4 ,  and c5. (See  table  111. ) 
Let t ing  i = 1 and subs t i t u t ing   equa t ion   (43 )   i n to   equa t ion   (40 )   g ives  
zej(k) = d o [ c l   s i n  0;(k) + c2 cos 0;(k)l + dl  (54) 
where c1 and c2 have  been  calculated.   Let t ing k = 2 and 3 i n   equa t ion   (54 )  
r e s u l t s   i n  two equations  which are solved  s imultaneously  for   do  and  dl .   (See 
t a b l e  111.1 
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va lues   fo r  a l ,  cos  a l ,  s i n  a and al are ca lcu la ted   wi th   equat ions  ( 2 2 ) ,  
(38), ( 4 1 ) ,  and  (44)  and are l i s t e d  I n  table IV. I '  
Since d = s i n  a # 0, z is computed  from equat ion   (46)   for  i = 1.  Like- 0 
wise, r *   r e s u l t s  from  equation  (47).  But,  since '2, = a. = 0 by assumption, 
r l  = rg. The values  of rQ and rl are shown i n  table IV.  
1 1 
1 
The va lue   o f   r*   s in  a shown i n  table I V  is  computed  with  equation  (45),  where 1 1 
z1 s i n  a1 is  j u s t  c5 (eq. ( 2 7 ) ) .  
parameters a2 ,  a2, and r2.- The ca lcu la t ion   proceeds  as before  with  measure- 
m e n t  d a t a  f o r  j o i n t  2 i n  table 11, e x c e p t  t h a t  p o i n t  F is needed i n  c o o r d i n a t e s  
( x l , y l , z  ) ra ther   than   coord ina tes  ( X  ,yO,zO). The appropriate   t ransformation  equa-  
t i o n s  are equat ions   (6) ,  (9 ) ,  and (IO? f o r  i = l .  They are 
1 
x1 ( k )  = x0(k )  COS 8; ( k )  + y o ( k )  s i n  0; ( k )  - al 
y1 ( k )  = [yo (k )  cos  0; ( k )  - x o ( k )  s i n  8; ( k ) l c o s  a1 
+ z g ( k )  s i n  a1 - rg s i n  a 1 
z Q ( k )  = [ x o ( k )  s i n  8; ( k )  - yo(k )  cos 8; (k) I s i n  a1 
+ zg(k) cos  al 
A t  t h i s   p o i n t ,  a l ,  c o s  al , s i n  al I and rg s i n  
z2,(k) = z o  by  def in i t ion .  Thus, x1 ( k ) ,  Y1 ( k )  I 
0; (k)   va lues   for  i = 2 i n   t a b l e  11. 
Let i = 2 in   equa t ions  (201, (211, and (40)  
(55)  
(57 1 
al are known ( t a b l e  I V )  and 
and zg ( k )  are computable  with  the 
to  ge t  t he  fo l lowing  equa t ions :  
y , ( k )  = -c3 s i n   8 3 ( k ) - c4 cos  83(k)  + c5 (59)  
z * ( k )  1 = do[c l   s in   03 (k )  + c2  cos  8;(k)l  + d l   (60 )  
The cons t an t  c values are now determined as before   with  the data i n  t a b l e  11 f o r  
k = 1 ,  2, and 3.  These  values are shown i n  t a b l e  111. Likewise,  the  subsequently 
c a l c u l a t e d   r e l a t i v e   j o i n t   p a r a m e t e r s  are shown i n  t a b l e  Iv. S i n c e   s i n  a2 = 0 ,  z2 
cannot  be computed wi th   equat ion   (46) ;   therefore ,  z2 cannot  be  used t o  compute r$ 
i n   e q u a t i o n   ( 4 7 )  . 
Parameters a3, a3, and r3.- The loca t ions  of p o i n t  F in   coo rd ina te s  
(x2,y2,z2) are needed for  these   ca lcu la t ions .  To o b t a i n  t h e s e  l o c a t i o n s ,  f i r s t  a p p l y  
1 2  
equat ions   (55) ,   (56) ,   and   (57) .  Then, apply   the   fo l lowing   se t  of t ransformation 
equat ions  (obtained from eqs. (61, (91, and  (10)  for i = 2): 
where a2, c o s  a2, s i n  a2, and r$ s i n  a2 have  been  previously computed  and  where 
z; ( k )  i s  computed wi th  equat ion  (60) .  
Let  i = 3 i n   e q u a t i o n s   ( 2 0 ) ,  (21), and  (40) to   ge t   he   fo l lowing   equat ions :  
x2(k)  = -co - c cos   8 ' (k )  + c s i n  €lh(k) 1 4 2 (64)  
y 2 ( k )  = "c 3 s i n   0 b ( k )  - c 4 cos  eb(k)  + c 5 (65)  
z*(k)  = d o [ c l  s i n  8' ( k )  + c2 cos Bh(k)l  + dl 2 4 ( 6 6 )  
The cons tan ts  ca lcu la ted  wi th  these  equat ions  and the  da t a  i n  t a b l e  11 f o r  i = 3 
a r e  shown i n  t a b l e  III. The results of o t h e r  c a l c u l a t i o n s  a r e  shown i n  t a b l e  IV. 
Not ice   tha t  a combination  value of r3 and r 2  is  given. This value is computed 
from  equation (12) f o r  i = 3 a s   fo l lows   ( eq .   (50 ) ) :  
r3 + r 2  cos a2 = r*  - r*  cos  a1 cos a2 3 1 
This means t h a t  as f a r  as the   equat ions  are concerned  any r3  and r w i l l  g ive  the 
same r e s u l t s  as long as they s a t i s f y   e q u a t i o n   ( 5 0 ) .   N o t i c e   t h a t   t h e   v a l u e s  of r3 
and r2  i n   t a b l e  I s a t i s f y   t h i s   e q u a t i o n .  
Parameters - .  a4, a4,  and r 4  and a5 ,  a5,  and r5  .- The  same procedure as used 
f o r  i = 1 , 2, and 3 is used t o  ca l cu la t e  t he  va lues  shown i n  t a b l e s  111 and Iv. 
Parameters a6, a6, and r6.- If   these  parameters were c a l c u l a t e d   i n   t h e  same 
manner as the  o the r  parameters, then some means of in t roducing  a r o t a t i o n a l  a n g l e  e7 
about  z6 i n   f i g u r e  1 would be required.  This is not   necessary ,  however, t o  compute 
a6 and r6. To compute these   parameters   f ind   the   loca t ion  of p o i n t  H ( r a the r   t han  
p o i n t  F )  i n  f i g u r e  1 i n  coord ina te s  (xo ,yo ,zo ) .  With prev ious ly  computed r e l a t i v e  
jo in t  pa rame te r s ,  po in t  H in  coordinates  (x5,y5,z5)  can be  computed by r ecu r s ive ly  
so lv ing   equa t ions   (6 ) ,  (7), and (8) with i = 1 t o  5.  The loca t ion  of p o i n t  H with 
r e spec t  to  p o i n t  H is zero,  so (x6 ,y6, z 6 )  = (O,O, 0 )  . 
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From equation (671, 
a6 = -x6(k) + x5(k)   cos  81;(k) + y 5 ( k )   s i n  Bk(k) (70) 
Add equat ion (681, mult ip l ied  by s i n  1x6, t o   e q u a t i o n  (69), mult ip l ied  by cos a6, t o  
o b t a i n  
r6 = z5(k )  - Yg(k) s i n  a6 - z6(k) cos a6 (71)  
where  x5,  y5,  and  z5 are coordinates   of   point  H i n   f i g u r e  1 .  I n   f i gu re  1 ,  wi th  
86 = 0 ,  p o i n t  H has  coordinates  (xg,yg,z5)  = (0 ,0 ,6 ) ,  where the  coord ina tes  are i n  
inches .  Hence, from  equations  (72)  and  (731,  a6 = 0 and r6  = 6 i n .  
Another way t o  compute  a6 o ther   than  by the  method used   to  compute a1 t o  a5 
i s  t o  s p e c i f y  t h e  a x i s  a t  p o i n t  H as des i r ed  and then physically measure point F i n  
coordinates   (x6,y6,z6) .  The coord ina tes  (x5 ,y5 ,z5)  of  po in t  F are computed by us ing  
the  recursive  t ransformation  equat ions.  Then, equat ions (68) and  (69)  provide two 
s imultaneous  equat ions  in  two unknowns, s i n  and  cos a6. The value  of  r6 
i s  given by equation  (73) as t h e  25 coord ina te   o f   po in t  H. Hsnce, t a n  a6 
and  then a6  can be computed. For  example, l e t  p o i n t  F be moved t o  l i e  a long   t he  
Z6-axis i n  f i g u r e  1 .  Thus, t he  coord ina te s  o f  t h i s  new p o i n t  F loca t ion  are 
(Xg,Y6,z6) = (0,0,6)  and ( ~ 5 ~ ~ 5 ~ ~ 5 )  = (0 ,0 ,12)   in   inches .   wi th   these   coord ina tes  
and   r6  = 6 in . ,   equat ion (68)  becomes s i n  ag = 0 and  equation (69) becomes 
cos  a6 = 1 . Therefore ,   tan qj = 0 and qj = 0. 
A s  expected, a comparison of tables I and I V  shows agreement between the 
ca l cu la t ed  and exac t   va lues   o f   the   re la t ive   jo in t  parameters a i ,  a i ,  and ri 
(i = 1 ,  2, ..., 6)  when s imula t ed  pe r fec t  measurement d a t a  are used. 
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CONCLUDING REMARKS 
If  an operator  remotely controls  the hand of a robot  arm by commanding t r a n s l a -  
t i o n a l  and r o t a t i o n a l  rates about  the hand axes, then these rates must be resolved 
mathemat ica l ly  in to  jo in t  rates along the arm t o  e f f e c t  t h e s e  commands ( reso lved-ra te  
con t ro l ) .  ' I h i s  r e so lu t ion  depends on the  loca t ion  of t h e  j o i n t s  r e l a t i v e  t o  e a c h  
other.  This information is  usua l ly  no t  ava i l ab le  o r  is d i f f i c u l t  t o  measure f o r  
assembled  commercially  available  robot arms. But, i n   t e l eope ra t ion   s tud ie s   i nvo lv ing  
the  cont ro l  of these  arms by resolved rate, th i s  i n fo rma t ion  is required.  
This paper presents a t h e o r e t i c a l  method t o  compute t h e  r e l a t i v e  j o i n t  param- 
eters of assembled  robot  arms. The idea  is t o  measure l o c a t i o n s  of t he  robo t ' s  hand 
f o r  d i f f e r e n t  j o i n t  a n g l e s  and to  then ascer ta in  the parameters  mathematical ly  using 
these  measurements. The method is i l l u s t r a t e d  f o r  a six-degree-of-freedom  robot 
arm. Calcula ted  da ta  agreed  per fec t ly  wi th  measurement da ta .  
Langley Research Center 
National Aeronautics and Space Administration 
Hampton, VA 23665 
March 28, 1983 
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SYMBOLS 
A i - l  homogeneous t ransformation  matr ix   f rom  coordinate   system i t o  i - 1 
a length  of  common normal  between Zi-, and Zi 
coIcl  , .. . ,c cons t an t s  i n  pa rame te r - ex t r ac t ion  process (see eqs. (22) t o  ( 2 7 ) )  
i 
5 
do'd 1 cons tan ts  in  parameter -ex t rac t ion  process  (see eqs. (41) and (42) ) 
i i n t e g e r   i n d i c a t i n g   t h e   i t h   j o i n t   a x i s   o r   p a r a m e t e r s   a s s o c i a t e d   w i t h   t h i s  
a x i s  
k integer  argument  for  labeling  corresponding  measurement  data 
N number of j o i n t s   o r   j o i n t - a x i s   y s t e m s   i n   r o b o t  arm 
p ( x , y , z )   p o i n t   i n   C a r t e s i a n   c o o r d i n a t e s  
r relat ive  dis tance  between  coordinate   system i - 1 and i along Z i - 1  
r$ cons tan t   de f ined   t o   e l imina te   xp l i c i t   dependence  on r i n  parameter- 
i 
1 ex t r ac t ion  p rocess  
i 
VxIVY,Vz t r a n s l a t i o n a l  v e l o c i t i e s  of robo t ' s  hand 
X,Y, Z coordinate axes 
ax i s   d i r ec t ed   a long  common normal  between Zi,l and Zi (see f i g .  2 )  
'i 
axis   directed  to   complete   r ight-handed-axis   system  with  and Zi 
'i 
a x i s  of r o t a t i o n  of j o i n t  i - 1 
x,   y,z  coordinates  along X, Y, and Z 
xi I yiI z coordinates   a long xi , Yi , and Zi 
x i ( k ) , y i ( k ) , z . ( k )   c o o r d i n a t e s   a s s o c i a t e d   w i t h   d a t a  Set k 
z; ( k )  new v a r i a b l e  which r e s u l t s  when r *  i s  introduced  into  the  parameter-  
i 
1 
ex t r ac t ion  p rocess  
i 
'i 
'i 
ang le  between Zi-l and Zi , measured posi t ive  counterclockwise  about  
j o i n t  a n g l e  w i t h  i n i t i a l  v a l u e  c o r r e s p o n d i n g  t o  p o s i t i o n  of robot arm i n  
f i g u r e  1 
e; jo in t   angle   be tween Xi-l and Xi, measured posi t ive  counterclockwise 
abou t  Zi-l (see f i g .  2 )  
8 j ( k )   j o i n t   a n g l e  0; assoc ia ted   wi th   da ta  set k 
w ,W  ,W r o t a t i o n a l   v e l o c i t i e s   o f   t h e   r o b o t ' s  hand 
X Y Z  
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Abbreviations:  
NO neck-to-base  length 
S N  shoulder-to-neck  length 
ES elbow-to-shoulder  length 
WE wrist-to-elbow  length 
HW hand-to-wrist   length 
H F  hand-to-f   inger   (or   extension)   length 
Use of a dot  over  a symbol i n d i c a t e s  f i r s t  d e r i v a t i v e  w i t h  r e s p e c t  t o  time. 
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TABLE 1.- ASSUMED RELATIVE J O I N T  PARAMETERS 
[From r e f .  41 
Jo in t ,  
i 
90 
0 
90 
90 
90 
0 
0 
bl 7 
0 
0 
0 
0 
ri  I 
i n .  
a26 
'6 
0 
d l  7 
0 
e6 
aNeck-to-base  lenqth 
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TABLE 1V.- CALCULATED  CONSTANT  PARAMETERS  ASSOCIATED  WITH  ROBOT ARM 
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Figure  1.- Robot arm and  jo in t - ax i s  sys t ems .  
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X i-1 
Figure 2.- Relative  joint  parameters  ai,  ai,  and ri. 
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